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Let X be a compact connected Riemann surface of genus g greater 
than 1. Using the characterization of the algebras of endomorphisms of 
indecomposable vector bundles over X, we give necessary and sufficient 
conditions for a semistable vector bundle of rank 3 to have a certain 
algebra as its algebra of endomorphisms. In Section 3 we prove the 
existence of such bundles. 
1. GENERAL RESULTS 
Throughout this paper X will denote a compact connected Riemann 
surface. Let E 5 X be a holomorphic vector bundle over X. The space 
of all endomorphisms of a vector bundle E, denoted by END(E), is a 
finite-dimensional vector space which is in one-to-one correspondence 
with the sections of the vector bundle End(E), i.e., Z(End(E)) = END(E). 
Atiyah in [2] defined a finite-dimensional algebra to be special if 
(i) A has a unit element I; 
(ii) The nilpotent elements in A form a subalgebra N; 
(iii) A is a vector space A n. (I)@ N, where (I) is the subspace of 
dimension one generated by I. 
He proves that a vector bundle E over X is indecomposable if and only 
if END(E) is a special algebra. Thus, any endomorphism of E can be 
written as a sum of a scalar multiple of the identity and a nilpotent 
endomorphisms. A vector bundle F is simple if and only if END(F) 163. 
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Any endomorphism of an indecomposable semistable vector bundle E 
over X has constant rank (see [6]). Thus, the map e.,: END(E) + 
END E.,, defined as 4 H 4, is injective for any x E X. Denote by G(E) the 
image e,( END(E)) and by N(E) the subalgebra e,(N(E)). Then G(E) is a 
special algebra in M, x R. Let H be the set of all non-zero subspaces WC E, 
which are invariant under G(E); i.e., b(W) c W for all 4 in G(E). Let V be 
a minimal subspace of H. For any VE V, define N(v)c V as the vector 
space {WEE,: 4(v) = w for some 4 in N(E)}. From the minima1 property 
of V we see that N(U) = 0 or N(U) = V. If N(v) = V then there is a nilpotent 
element $ E N(E) such that e(v) = c, which is a contradiction. Hence 
N(U) = 0 and so L’ is a common eigenvector for G(E). By an inductive 
procedure we can see that E, has a flag invariant under G(E). The 
existence of such a flag implies that one can choose a basis of E, such that, 
for all 4, in G(E), 4, is an upper triangular matrix with all its diagonal 
entries equal. 
PROPOSITION 1. For an indecomposable semistable vector bundle of rank n, 
the dimension of END(E) is less than or equal to 1 + n(n - 1)/2. 
Proof: The proposition follows from the injectivity of the map e, and 
the fact that the dimension of an n x n upper triangular matrix with 
diagonal entries equal to a constant is 1 + n(n - !)/2. 
2. ALGEBRA OF ENDOMORPHISMS 
Let S(3, d) be the set of isomorphism classes of indecomposable 
semistable vector bundles over X of rank 3 and slope d. From 
Proposition 1 we have that for any E in S( 3, d), dim END(E) Q 4. 
LEMMA 1. Let E be in S(3, d). If 4 and $ are two nilpotent 
endomorphisms of index 2 then @+!I = 0 = II/#. 
Proof: Let 4 and + be two non-zero nilpotent endomorphisms of index 
2. The endomorphism II/ induces a non-trivia1 exact sequence 
(,:O- K,- EL I,- 0. 
of vector bundles over X. 
Let j: I, + E be the inclusion of I, in E. Since I, is a line bundle, the 
composition (+J must be zero, otherwise the exact sequence $ would split. 
If ($J is zero then $4 = 0. Similarly we see that &!I = 0. 
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b”ROFQSlTlON 2. If E is in S( 3, d) then dim END(E) # 4. 
Proof Assume for a contradiction that dim END(E) = 4. Hence the 
image G(E) in END E., must be equal to all the 3 x 3 upper triangular 
matrices with diagonal entries equal to a constant. However, there are (at 
least) two non-zero elements A and B such that A2 = B* = 0 but AB # 0; for 
example 
Those elements will define two nilpotent endomorphisms of index 2. The 
product of such endomorphisms will be non-zero, which is a contradiction 
to Lemma 1. Hence, dim END(E) cannot be 4. 
From the classification of the special algebras of small dimension we 
obtain: 
PROPOSITION 3. !f E is in S(3, d) then 
c if E is simple 
@Cal/ if dim END(E) = 2 
END(E) = C[r]/(t3) if dim END(E) = 3 and E admits 
a nilpotent endomorphism of index 3 
CCr, sl/(r, s13 otherwise. 
Let E be in S(3, d). If E is non-simple then there exists a nilpotent 
endomorphism 4 : E -+ E of index 2; i.e., 4’ = 0 but 4 = 0. The line bundle I, 
is contained in K, since 4’ = 0, and so we have the exact sequences 
(:0-K,- E- I,-0 
and 
(: 0 - I, -f+ K, 5 K,lI, - 0 
The type of algebra of endomorphisms of the vector bundles in S(3, d) will 
depend on the relation between the extensions r and c and on what the line 
bundle K,lI, is. 
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THEOREM 1. For any E in S(3,d), END(E)zC[t]/(r3) if unnd on/y if 
there are a unique Jug L c F c E and non-triviul extensions 
(p,):O+L-1+ F%L+Oand(<):O+F~ E-+L+Osuchthatp,(~)=/&, 
where I E @*, and p *: Ext(L, F) + Ext(L, L) is the homomorphism induced 
hy the projection p: F * L. 
ProoJ If END(E) z C[ t]/( t3) then E admits a nilpotent endomorphism 
(b of index 3; i.e., 4’ = 0 but 4’ # 0. The endomorphism (d: E --) E defines a 
flag K4 c I, c E such that I = p( K,) = p(E). 
Since #(1,~) = 4’(E) = 0 and ts2(Z,) = &(E) = 0 we see that 1,~ 5 K++ and 
Z+GK++ Since they are vector bundles of the same rank we have that 
I#? = K4 = L and I+ = K42 = F say. 






since #(I,) = d2( E) = 1# = L. 
The necessity follows from the two rows of Diagram (l), since E is 
indecomposable. 
Conversely, suppose that there is a non-trivial extension pO: 0 + 
L A F 5 L -+ 0 of a line bundle L (of degree d) by L such that E is a non- 
trivial extension (?j): 0 -+ F 1, E 5 L + 0 of L by F such that p,(t) = Z.p, 
with ;1eC*. Without lost of generality we can assume that p,(5)=po. 
From the equality p,(r) = p. we have the commutative diagram 
O-F’- E--J--+ L-O 
4 %I II 
0-L-F?L-0 
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since F is indecomposable semistable and p(L) = p(F). Define 4: E -+ E as 




= (il ,;poa) 
f 0, 
since p :: r = IC. But 
since p 0 i = 0. Hence, E admits a nilpotent endomorphism of index 3. Since 
END(E) is a special algebra and dim END(E) $3 we see that ( 1, 4, 4’) is a 
basis for END(E) and hence END(E) z C[1]/(r3). 
Denote by 0” the set of vector bundles in S(3, d) that satisfy Theorem 1. 
THEOREM 2. If E is in S( 3, d) then END(E) z @[r, s]/(r, s)* if and only 
if either (i) E is a non-trivial extension of a line bundle L by L@ L and E is 
indecomposable or (ii) there are a flag L c E, c E and non-trivial extensions 
C:O+L+E,% L-0 and 5:O+E,+E+L-+O such that p,(r)=0 
where p,Ext(L, E,) + Ext(L, L) is the homomorphism induced by the 
projection p. 
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Proof. Suppose END(E) is isomorphic to C[r, s]/(r, s)*. Choose two 
linearly independent nilpotent endomorphisms, 4 and rr/, of index 2. Since 
ql$ = 0 = $4 we know that I, c K+ and I, c K,. 
Since the flags Z+ c K, c E and Z, c K* c E are stable series for E 
(see [9]) we can see that I,, = I+ = L. However, since # and 1+5 are linearly 
independent I# # f, or K, #K+ (isomorphic but not equal in E). 
If I6 # I, then from the exact sequence 
(:O-+I, 1, K,A K,fi,+O 
and the inclusion j: I, + rU, we see that the composition pj: I+ + KJI, 
must be an isomorphism and hence the exact sequence [ splits; i.e., 
ii =&/I, and K, = Z,@Z, = L@ L. Hence from the exact sequence 
j:O-rK,+E+i,-+O, 
we see that case (i) occurs. 
If I, = I+ then K, # K, and we have a commutative diagram 
0 0 
I ; I 
o-;-~~~-o 







Since E is semistable and c(L”) = p(K+) = p(K$) = c(L), we see, from the 
first column of Diagram (2), that L” must be equal to L (otherwise the first 
and second columns would split, which would be a contradiction since E is 
indecomposable). The exact sequence [: 0 -+ L 5 K, % L -+ 0 gives rise to 
the sequence 
Ext(L, L) 2 Ext(L, K,) z Ext(L, L) + 0, 
The first two, rows in Diagram (2) imply that if [’ is the extension 
O-+L”A K,% L-0 and ~:O+K,+E+L+O then i”*(i’)=[ and so 
so pi(r) =pi(ii(C’)) = 0. Thus, case (ii) occurs. 
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Conversely, suppose that for E we have the exact sequence 
O-+L@L 5 E% L-+0. Let g,: L -+ L@ L be two linearly independent 
homomorphisms in HOM(L, L@ L). Since the homomorphisms igrp and 
igzp are linearly independent in END(E), the set {id,, ig,p, ig,p} will be a 
basis for END(E); hence we can see that END(E) z C[r, s]/(r, s)*. 
On the other hand, suppose there are non-trivial extensions 
and 
[IO- Ez- E- L-O 
such that p,(c) = 0 where p* Ext(L, E2) + Ext(L, L) is the homomorphism 
induced by the projection p. 
From the cohomology sequence 
Ext(L, L)A Ext(L, E,)z Ext(L, L)- 0 
and the equality p,(r) = 0 we have the diagram 
O-L- G -L------+0 
!I 
O-E,- E -L-O 
PI I II 
O-L -L@L-L-O. 
(3) 




0-L’ GA L-O 










Take the endomorphisms q% = i’il7 and $ = j’jp’. From Diagram (4) we see 
that $‘=rc/“=O. Since E,#G, K,#G, and Kb= E, we see that 4 and $ 
are linearly independent. Hence, since dim END(E) ,< 3 the set {id, 4, $} is 
a basis for END(E), so END(E) g @[r, s]/(r, s)*. 
We shall denote by Q1 the set of vector bundles E in S(3, d) that satisfy 
condition (i) in Theorem 2 and by Q2 the set of those that satisfy condition 
(ii). 
THEOREM 3. If E is in 5(3, d) then END(E) z C[t]/(t’) iff there 
are a flag LC EIcE and extensions [: 0 + L + El 5 L’-tO and 
5: 0 + E2 -+ E + L + 0 such that (i) if’ L’ 3 L then 5 is non-tr~~~~l and E 
indecomposab~e or (ii) if L’g L then p,(r) # A[, where A EC and 
p*: Ext(L, E,) + Ext( L, L) is the homomorphism induced by the projection p. 
ProoJ The theorem follows from Theorem 1, Theorem 2, and 
Proposition 3. 
We denote by sZ3 the set of vector bundles in S(3, d) that satisfy con- 
dition (i) in Theorem 3 and by Q4 the set of those that satisfy condition 
(ii). 
3. EXISTENCE OF VECTOR BUNDLES 
Let L, and L2 be two line bundles of degree d and let F be an extension 
of Lz by L, . From [6, Lemma 4.11 we know that if E is a non-trivial 
extension of L, by F then E is semistable. In this section we shall prove 
that such vector bundles are also indecomposable and that the sets Qi, for 
i= 0, . . . . 4, are non-empty for a compact Riemann surface of genus greater 
than 1. For the mod&i space of such bundles see [3]. 
In general, vector bundles obtained by non-trivial extensions of vector 
bundles need not be indecomposable. It is usually difficult to determine 
which of the extensions are indecomposable. In general there is a jump 
phenomenon. Atiyah in [l] describes such a phenomenon when he con- 
siders extensions of a line bundle of degree three by the trivial line bundle 
over a compact Riemann surface of genus 2 (see also [S] and [8]), 
PROPOSITION 4. Let L, and L, be two line bundles of degree d and let F 
be an extension [: 0 + L, -+ F+ L, + 0 of Lz by L, _ Let E be a non-trivial 
extension~:Q-*F~E~L1;,-tOofL,byF.ThenanylinebundleL’cEoj 
degree d is actually a subbundle of F, and is isomorphic to L, or L,. 
Moreover, if the extension c is non-trivial then L’ = L, , 
ProoJ Let j: L’ + E be an inclusion of L’ in E. Since c(L’) = c(L) the 
homomorphism g: L’ -+ L, , defined as the composition (pj), must be zero 
481;123,%11 
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(otherwise the extension 5 would split). Hence, L’ is a subbundle of F and 
the proposition follows from Gunning’s result (see [4]), since F is 
semistable of rank 2 (also see [7]). 
Given two line bundles L, and L, of degree d, denote by i,: L, -+ 
L, @ Lz the inclusion of L, in L, 0 L,, for k = 1,2. Let Sk denote the image 
of i,.: Ext(L,, Lk) -+ Ext(L,, L, $ L?). We have a canonical isomorphism 
Ext(L,, L,OL,) zExt(L,, L,)@Ext(L,, L,) 
z s’ 0 s2. 
From the Riemann-Roth Theorem we see that dim S’ =R and 
dim S’= ’ 
I: 
Hence. 
dim Ext( L, , L, @ L, 
if L,zL? 
-1 if L, 9 Lz. 
)= ;;-, { 
if L, sLL, 
if L, $ L,. 
We shall find it convenient to denote the complement of the images of the 
l-parameter family of all the inclusions Ext(L,, L,) + Ext(L,, L, 0 L,), by 
S(L) if L, z L,z L, say, and by S(L,, L,) if L, # Lz. 
hOPOSITION 5. Let L, and Lz he IWO line bundles of degree d. Let 
[:0-L, A FG Lz+O he cm extension of‘ Lz by L, and l: 0 + 
F h E 3 L, + 0 a non-rriviul extension of L, by F. I” c is non-trivial then E 
is indecomposable. If i = 0 then E is indecomposable iff t is in S(L) or 
S(L,, L,). 
Proof. Suppose that L’ CiJ G is a decomposition of the vector bundle E, 
where L’ is a line bundle. Since E is semistable p(G) = c(L’) = p(F). If [ is 






O-F/ E- L,-0, 
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where g is a splitting map and i’ is a scalar multiple of the inclusion 
i: L, -+ F since HOM(L,, F)rC. 
From Diagram (5), we see that since g is a splitting map, i’ is also a 
splitting map, which is a contradiction since 5 is non-trivial. Hence E must 
be indecomposable. 
If [ is trivial then L’ is isomorphic to L, or Lz. If h: G -+ E is an inclusion 
(as a factor) in E then the composition Cph): G -+ L, must be non-zero 
{otherwise G would be equal to F and the exact sequence 4 would split), 
and hence we have the commutative diagram 
O-L”------+ G-LI-0 
(61 
From the equalities ~(L,)=~(F)=~(E)=&G) we see that p{t”)= 
p(G) = p(F). Since L” c E, the line bundle L” must be isomorphic to L, or 
L2 with i’ the inclusion in some factor. Hence Diagram (6) implies that g is 
in the complement of S(L) since F= L, 0 Lz. 
Conversely, suppose (: is in the complement of S(L). Then there is an 
extension i,: 0 --) L, + G -+ L, -+ 0 in Ext(L,, L,) such that ii.{{,)= 5. 
Hence we have the commutative diagram 
o- i’ -yF~l-o 
O-L,@LZ----+E----L,----+O 
which can be completed to 
0 
Y I 
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Since the first column in Diagram (7) splits, the second column also splits 
and hence the vector bundle E is decomposable. 
THEOREM 4. The space S(L) is non-empty. Moreover, Q ’ = .lLS( L) for 
uny line bundle L of degree d, 
Ptooj: Since S(L) is the complement of the image of a l-para- 
meter family of g-dimensional spaces in the (2g)-dimensional space 
Ext(L, L@ L), S(L) is non-empty. From the definition of 52’ we see that 
W’ is precisely the union of the sets S(L) for any line bundle L of degree d. 
Let X be a compact Riemann surface of genus g greater than 1 and let L 
be a line bundle over X. Since dim Ext(L, L) = g > 1, we can choose a non- 
trivial extension <: 0 + L 5 F 5 L -+ 0, which yields the exact sequence 
. 
Ext(L, L+ Ext(L,F)L Ext(L, L)-0 (8) 
For any extension i: 0 + L + F-t L + 0 in Ext( L, L), denote by S( 15); the 
afhne space 
S(L),=p,‘(i)= {<~ExtfL, F):p&)=i). 
THEOREM 5. The space S(L); is non-empfy and dim S(L); =g - 1 for 
any non-fr~~iu~ extension 6 in Ext( L, L). Moreover, 
(i ) Go = il S( L); for any line bundle L; 
(ii) Q’= BS(L);,- (0)f or any line hundie L of degree d where co is 
the trivial extension; 
(iii) Q4 = II S( L);. .for any line bundle L of degree d and any extension 
[’ # A(‘, for A E @. 
Proof: Since dim Ext(L, F) = 2g - 1 and the map Ext(L, F) “f 
Ext(L, L) is surjective the set S(L), is non-empty. From the Riemann- 
Roth Theorem and the exact sequence (8) we see that 
dim S(L); = dim ker p* 
= dim Ext(L, F) -dim Im p+ 
=g-i>O. 
THEOREM 6. The set 52’ is non-empty. Moreover, Q3 is the union of the 
sets S(L, , L2) .for an.v IWO non-isomorphic line bundles of degree d and 
(2g - 1 )-dimensional complex space wirhout the zero element. 
Proof: For any two non-isomorphic line bundles L, and L2 of degree d 
we see that the space S(L,, L,) is non-empty and S(L,, L,)c Q”. 
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Moreover, if 0 -+ L’ -+ F-+ L” + 0 is a non-trivial extension then from 
the Riemann-Roth Theorem, dim Ext(f.‘, F) = 2g - 1 # 0 and from 
Proposition 5 Ext(L’, F) - {O) is contained in Q3. 
Atiyah in [2] studies the case when the Riemann surface has genus I. To 
conclude we make a remark about this case in the context of the previous 
theorems. 
Remark 6. Let Y be a compact Riemann surface of genus 1 and let 
i: 0 -+ L -+ F -+ L -* 0 be a non-trivial extension of a line bundle L over X 
by L. Since dim Ext( L, L} = 1 we see from the exact sequence (S), that the 
homomorphism p *: Ext(L, F) -+ Ext(L, L) is an isomorphism. Hence, the 
space SC c fin0 is one-dimensional and the spaces So-- {O) and Si. with 
i’# ;(c for i E @*, are empty. Thus, the sets Q2 and Q4 are empty. We see 
that the set Q’ is empty. Also in this case, the sets S( L, , I!.,) are empty and 
so Q3 is empty. 
Hence, for g = 1 the algebra of endomorphisms is always @[t]/(r3). For 
each iine bundle L there is a unique (up to isomorphisms) semistable 
vector bundle with algebra of endomorphisms C[t]/(t-‘). 
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